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Abstract We have made an attempt to reformulate the generalized field equation of dyons
in terms of octonion variables. Octonion forms of generalized potential and current equa-
tions are discussed in consistent manner. It has been shown that due to the non associativity
of octonion variables it is necessary to impose certain constraints to describe generalized
octonion electrodynamics in manifestly covariant and consistent manner.
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1 Introduction

There has been a revival in the formulation of natural laws so that there exists [1] four-
division algebras consisting the algebra of real numbers (R), complex numbers (C), quater-
nions (H) and Octonions (O). All four algebra’s are alternative with totally anti symmetric
associators. Quaternions [2, 3] were very first example of hyper complex numbers have been
widely used [4—15] to the various applications of mathematics and physics. Since octonions
[16, 17] share with complex numbers and quaternions, many attractive mathematical prop-
erties, one might except that they would be equally as useful as others. Octonion [16, 17]
analysis has been widely discussed by Baez [18]. It has also played an important role in the
context of various physical problems [19-37] of higher dimensional supersymmetry, super
gravity and super strings etc. In recent years, it has also drawn interests of many [38—46]
towards the developments of wave equation and octonion form of Maxwell’s equations.
We [47-53] have also studied octonion electrodynamics, dyonic field equation and octo-
nion gauge analyticity of dyons consistently and obtained the corresponding field equations
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Table 1 Octonion multiplication

table . ey e e3 ey es ee e7

eq —1 e3 —e) e7 —eg es —ey
e —e3 —1 eq eq e7 —ey —e5
e3 e) —eq -1 —es ey e7 —eg
ey —e7 —eg es -1 —e3 e el
es e6 —e7 —eyq e3 —1 —eq ey
e6 —es e4 —e7 —ep el -1 e3
e7 ey es e6 —eq —ep —e3 —1

(Maxwell’s equations) and equation of motion in compact and simpler formulation. Extend-
ing our previous results [51-53], in this paper, we have made an attempt to reformulate
the generalized field equation of dyons in terms of octonion variables. Octonion forms of
generalized potential and current equations are discussed in consistent manner. It has been
shown that due to the non associativity of octonion variables it is necessary to impose cer-
tain constraints to describe generalized octonion electrodynamics in manifestly covariant
and consistent manner. We have obtained the generalized Dirac-Maxwell’s (GDM) equa-
tions of dyons from octonion wave equation in simple, compact and consistent manner. It
has been shown that the octonion variable of dyons reproduces the dynamics of electric
(magnetic) charge in the absence of magnetic (electric) charge.

2 Octonion Definition

An octonion x is expressed [47-53] as a set of eight real numbers

X = (X0, X1, ..., X7) =Xpeo + X1€1 + X205 + X3€3 + X4e4 + Xs€5 + X6€6 + X7€7
7
=xoe0+ Y xaex (A=1,2,....7), e)
A=l
where ey (A =1,2,...,7) are imaginary octonion units and ey is the multiplicative unit el-

ement. The octet (eq, €1, €2, €3, €4, €5, €g, €7) 1s known as the octonion basis and its elements
satisfy the following multiplication rules

eg=1, epep =epep = ey, esep = —d8spe0 + fapcec

(A,B,C=1,2,....,7). 2)

The structure constants fapc are completely antisymmetric and take the value 1, i.e.
fapc = +1 = (123), (471), (257), (165), (624), (543), (736). Here the octonion algebra O
is described over the algebra of rational numbers having the vector space of dimension 8.
Octonion algebra is non associative and multiplication rules for its basis elements given by
(2, 3) are then generalized in Table 1:

Hence, we get the following relations among octonion basis elements, i.e.

lea,es]l =2 fancec; {ea,ep} = —dapeo; ea(epec) # (eaepec, 3)

where brackets [-] and {-} are used respectively for commutation and the anti commutation
relations while §4p is the usual Kronecker delta-Dirac symbol. Octonion conjugate is thus
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defined as,

X = X0€o — X1€] — Xp€) — X363 — X464 — X565 — Xg€6 — X7€7
7

=xoe0— Y _Xaes (A=1,2,....7). 4
A=1

An Octonion can be decomposed in terms of its scalar (Sc(x)) and vector (Vec(x)) parts as

1 1 !
Sc(x) = E(x + X) = Xxo; Vec(x):i(x—i)=ZerA. ®)
A=l

Conjugates of product of two octonions and its own are described as
@@=y @)= ©)

while the scalar product of two octonions is defined as

! | S [
(6, 9) =3 Xaya = 5 (5 + yF) = 5 (Fy + 5%) @)
a=0
which can be written in terms of octonion units as

1 _ 1 _
(ea,ep) = E(eAeB +epey) = z(eAeB +epes) =6845. ®)

The norm of the octonion N (x) is defined as
5
N(x)=xx=xx = ineo )
a=0

which is zero if x = 0, and is always positive otherwise. It also satisfies the following prop-
erty of normed algebra

N(xy) = N@)N(y) = NN (x). (10)

As such, for a nonzero octonion x, we define its inverse as

e (11)
- N©)
which shows that
x I =xx""=le; ()cy)fl = yilel. (12)

3 Octonion Wave Equation

A lot of literature [38—46] has already been available on octonion wave equation. Accord-
ingly, let us define the octonion differential operator D as

7
D= e,D,, (13)
n=0
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where D,, are described as the components of a differential operator in an eight dimensional
representation. We describe a function of an octonion variable as

7
FX) =) eufuX)=foterfitesfrt-+erfs, (14)

n=0

where f,, are scalar functions. Since octonions are neither commutative nor associative,
one has to be very careful to multiply the octonion either from left or from right in terms
of regularity conditions [38—40]. As such, a function F(X) of an octonion variable X =
ZZL:O e, X, is left regular at X if and only if F(X) satisfies the condition

DF(X)=0. (15)
Similarly, a function G (X) is a right regular if and only if
G(X)D =0, (16)
where G(X) = go + g1e1 + g2e2 + - - - + g7e7. Then we get
DF =1=Iy+ Ley + Ley + Ize; + 1yes + Ises5 + Igeg + 17e7, a7
where
Io=00fo—01fi =02 f2— 03 f3 = 0afa— 05 f5 — 6 fo — 07 /3
Li=0fi+0ifo+0:/3—0/2+fs — 05 f6 — 07 fa+ 04 fr3
Iy =80 f2+ 02 fo+ 031 — 01f3 + Oaf6 — 6.4 — 37.f5 + 95 f7;
I3 =080 f3+ 33 fo+ 01f2 — 02f1 + 367 — 37.f6 + 35.fa — Ou f5;
Iy =80 fa+ 0afo+ 03 fs — s f3 — 92 f6 + 36.f2 — 1.f7 + 91.f1; (18)
Is =3 fs + 3sfo+ 01f6 — 6.1 + 0702 — 027 — 03 fa + 0u f3;
I = 30.f6 + d6fo — 01 fs + 05 fi + 0o fa — 0a fo — 037 + 7 f3;
I =09 f7+ 07 fo+ 01 fa — 94 f1 + 02 fs — 05 fo — 06 f3 + 05 fe.

The regularity condition (15) may now be considered as a homogeneous octonion wave
equation for octonion variables without sources. On the other hand, (17) is considered as the
inhomogeneous wave equation DF = [.

4 Octonion Formulation for Generalized Fields of Dyons

In order to write the various quantum equations of dyons in octonion formulation, let us start
with potential octonion

V= €0V0 + e Vl + €2V2 + €3V3 + €4V4 + €5V5 + €6V6 + €7V7 (19)
and we identify its components as

Vo, Vi, Vo, V3, Vi, Vs, Vs, Vi) = (9, Ax, Ay, AL, iBy,iBy,iB,i¢p) (i=+-1),
(20
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where (¢, Ay, Ay, A,) = (¢, A) = {A,) and (¢, By, By, B,) = (¢, B) = (B,.) are respec-
tively described as the components of electric {A,} and magnetic {B, } four potentials of
dyons (particles carrying simultaneously the electric and magnetic charges). Equation (19)
may then be written as

V= e1(A, +ierB,) + ex(Ay +ierBy) + es(A. +ierB.) + (@ +ierd)
=e 'V, + esz +e3V, +ies0 20

where (4, V., V,,V,) = (7, 7) = {V,} are then be described as the components of gen-
eralized four potential {V,} associated with generalized charge (¢ = e +ig) (where e and
g are respectively known as electric and magnetic charges) of dyons [6—8]. In order to ob-
tain the generalized field equations of dyons in four dimensional space time, we identify
differential operator (13) to be four dimensional and hence we may write (13) as

d a a . 0
Dr—UH=e—+e—+te3— —ie;

—, 22
ax ay 9z ot @2)

where we have taken other components like 9y, d4, 95, dg of (13) vanishing. Octonion conju-
gate of (22) may then be written as

a
—e3—Z+ie7—. (23)

"4‘5%7*%‘7)

<a¢ 9B, 9B, aAz>

—ieg —— — =2 —
a9z 0x ay ot
d
+ie7<? .§’+a—f>. 24)

We are using S.I. system of natural units (c = h = 1). On applying the Lorentz gauge con-
ditions, respectively for the dynamics of electric and magnetic charges of dyons as
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- — 8¢_

V-A+ 5 = 0;
! (25)
- — dg
V-B+—=0,
ot
we find the following octonion form of (24), i.e.
OV =F, (26)

where [ is again an octonion reproduces the generalized electromagnetic fields of dyons. It
is thus described by

F=eyFo+eFi+exkr+e3Fs+esFy+esks +egks+ ek, 27

where

(28)

( 0¢ 0B, 0B, 0JA, .
Fp=—il——— 4+ — - =—iEy;
ax ay 9z at

d¢ 9B, 9B, 0A,
F5:—i(——¢— + —=- y):—iEy;

dy 0z dax ot

. dp 0B, 0B, 0A; .
Fo=—i|—— ~ + - =—iE;
0z dx ady at

3
F7=i<$>.§)+a—f>=o.

Let us define [6-8, 47-50] the generalized electric (F) and magnetic (?I)) fields of dyons
in terms of components of electric and magnetic four potentials as

—
— 0A = -
=——— —V x B;
at 29
~ (29)
— 0B — —
=———-Vp+ VXA
at
Thus (27) reduces to
]F = el(HX =+ i€7EX) =+ €2(Hy + i€7Ey) + 63(HZ =+ i€7EZ)
=V, + eV, +eV¥,, 30)
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where U = H +i e772> is the generalized vector field [6-8, 47-50] of dyons. Now applying
the differential operator (22) to (30), we get

oH, oH J0H,
MF = —80< Y —+ N)

ax + ay 0z

9z at
E. 0E, O0H.
+’eﬁ<a__¥_7)
+i 3E‘+8E"+8EZ (31)
le =
ax "oy | oz
or
- —
OF = —eo(V.H)
[ > - JdE,
+e|(VXH), ———

- - -
+e3 (V XH)Z—

L ot
== dH,
+ieg| (V x E), —
L ot
= = dH,
+ies|(V x E)y — —
L : ot
= = 0H,
+ieg|(V X E), — =
L ot
- -
+ie;(V.E). (32)

These (31, 32) may then be written in following compact notation in terms of an octonion,
i.e.

OF =T, (33)
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where J is again an octonion and is re-described as the Octonion form of generalized current
given by
J = —eo0 +e1jx + e2jy + €3); —iesk, —iesk, —iegk; +ie7p

= (e1jx + e2jy + e3j: — o) +ileik, + exky + esk; — p)ey

= e1(jy +ierky) +ex(ly +ierky) + es(i; +ierk:) — (o +ier0)

= €1Jx + esz + €3JZ + i€7J0, (34)

— . — — .

where (o, j) =1{j.}, (0, j ) =1{k,} and (Jo, J ) ={J,.} are respectively the four currents

associated with electric charge, magnetic monopole and generalized fields of dyons. Equa-
tions (31-34) thus lead to following differential equations

= =
(V-H)=o;
— 0E,
(VxH), = a1 + 13
e oE, .
(VxH) = 5, Thv
- - JdE,
(VXH)Z=W+J17
0H 59
- = x
(VXE)X__ “_kx;
ot
= - 0H,
(VX E)y=- 8t> —ky;
oH
(V< E).=—"= — ks
at
- =
(V-E)=p.
Equation (35) may then be written as
- -
(V- E)=p;
—
= - oH —
(VXE)=——+—k;
ot 36
7 (36)
(?xﬁ):——i—?,
ot
= -
(V-H)=¢

which are the generalized Dirac-Maxwell’s equations of generalized fields of dyons [47-53].
OOV =F

¢ 3% 3’ 9°B, 823), n 3’B,
= € —_— —_— —_—
Nox2 " ay2 " 9z2 " axar | ayor | ozot

(82Ax 92A,  3*A, %A, %A, 82¢>
— e — )

ay2 | 922 92 axdz dydx  oxdt

@ Springer



Int J Theor Phys (2010) 49: 1333-1343 1341

A, N 94,  9%A,  3%A, 0*A. 3%

— e — e — — —
\ox2 T 9z2 T a2 ayax  ayaz  ayar
9%A, N A, 0%A, A, A, 0%
9z2 dy? 9t 9z30y 0zdx  0zdt

z

3’B, 9*B, 9°B, 9°B, 93*B, %9
dy? 072 0t2  9xdy 0zdx  0xot

dx2 972 9tz 9z3dy Qdydx  Qdydt

9’B, a2Bz+a2Bz+asz ’B, %
ax? dy? 9r2  0xdz 9zdy  0zdt

_<a2BV 0’°B, 9°B, 93*°B, 9’B, 82(/1)
+ies| — ~ — . -

(3% 3% P I*A, A, I%A,
PPN ik Ak i 4 : (37)
dx2  3y?  9z2  9xdr  9tdy  9zdt

Equation (37) then reduces to

OOvV=00V=], (38)

where J is described as the octonion form of generalized current associated with dyon and
is already given by (33). Equation (37) may also be written as

- 9
DDV:DDV:%[V%HE(? -7?)]

r 3 3
e DAX__(vm_‘ﬁ)}
L dx Jt
r 3 3
—e DAV——(V._’JF—"’)}
L~y at
r 3 3
e DAZ——<V)-_A)+—¢>]
L 0z t

T 0 [—
—iey DBX——(V-

— i€5 DBy —

O
S
|

—i66

—ie7| V¢ +

(? -_A’> , (39)

where
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and
92 92 92 92 V2 92

= + v
oxz 9y  0z2  or? 012

Using the Lorentz gauge conditions (25) and the definition of octonion valued generalized
current of dyon given by (34), we get

U¢ = p; Ue = o;

OA, =j,; OB, =Kk,.

(40)

As such, we have obtained consistently the generalized Dirac Maxwell’s (GDM) equations
from octonion wave equations on considering the non associativity of octonion variables.
The advantages of present formalism are discussed in terms of compact and simpler nota-
tions of octonion valued potential, field and currents of dyons despite of non associativity
of octonions. The present octonion reformulation of generalized fields of dyons represents
well the invariance of field equations under Lorentz and duality transformations. It also re-
produces the dynamics of electric (magnetic) charge yielding to the usual form of Maxwell’s
equations in the absence of magnetic (electric charge) in compact, simpler and consistent
way. Octonion element e7 has been considered to be invariant and the theory resembles with
the bi-quaternion theory of generalized fields of dyons [12]. In the forthcoming paper theory
of split octonion will be discussed.
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